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Abstract

In the book of Neukirch–Schmidt–Wingberg [NSW08], a nontrivial
outer automorphism of the absolute Galois group of Qp is constructed
whenever p ‰ 2. We point out that their construction contains a mistake.

Notation
• p is an odd prime.

• GQp
:“ GalpQ̄p{Qpq is the absolute Galois group of Qp.

• V Ă GQp
is the wild inertia subgroup.

• For i ě 1, V i denotes the i-th term of the lower p-central series.

• G :“ GQp{V “ xσ, τ | στσ´1 “ τpy is the maximal tame quotient. We
fix a section of GQp

Ñ G, and consider σ, τ as elements of GQp
.

1 Problem
Theorem 1.1 ([NSW08, the discussion after (7.5.15) Theorem]). GQp

has a
nontrivial outer isomorphism.

Let me briefly recall the proof given in op.cit. First of all, by Wingberg’s
result [NSW08, (7.5.15) Theorem], to prove Theorem 1.1, it suffices to construct
an automorphism of GQp{V 3 satisfying the following two conditions:

1. It is trivial on the maximal tame quotient G, and

2. it is not inner on GQp
{V 2.

We also introduce Jannsen–Wingberg’s theorem [NSW08, (7.5.14) Theorem]
on the structure of GQp

. Let

• F2 be a free pro-p group of rank two with basis tx0, x1u, and

• W :“ ˚GF2 is a free pro-p G-operator group of rank two.

Theorem 1.2 ([NSW08, (7.5.14) Theorem]). There exists a section-preserving
surjective homomorphism

W ¸ G Ñ V ¸ G “ GQp
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such that the kernel is generated (as a normal subgroup) by

r :“ x´σ
0 xx0, τygxp1rx1, y1s P W.

We do not need to know what xx0, τy P W , g P Zp and y1 P W precisely
are. At least xx0, τy is an element in the subgroup generated by x0, σ and τ .
By Theorem 1.2, it suffices to construct a suitable automorphism on W {W 3 ¸G
which preserves the kernel of W {W 3 Ñ V {V 3. Here, it is easy to construct
automorphisms of W ¸ G, since, for example, for an arbitrary central unit ε P

FprrGssˆ, define an endomorphism ψ by

ψpσq “ σ, ψpτq “ τ, ψpx0q “ x0, and ψpx1q “ xε1.

via the universality of W . Here we fix a lift xε1 P W of εx̄1 P W {W 2 where
x̄1 :“ x1 modW 2.1 Although ψ depends on this lift, ψ always defines an auto-
morphism, since it is so on W {W 2 – FprrGssx̄0 ‘ FprrGssx̄1 (and since W is a
free pro-p group by [NSW08, (4.3.15) Corollary]).

In particular, ψ induces an automorphism on W {W 3 ¸ G. It is claimed
that, if ε is carefully chosen, cf. [NSW08, p.422, second paragraph], ψ induces
an automorphism on V {V 3 ¸G satisfying the two conditions. However, one can
observe the following, which contradicts this claim:

Theorem 1.3. Let 1 ‰ ε P FprrGss be an central unit, and ψ be the automor-
phism of W {W 3 ¸ G defined above. Then the kernel of W {W 3 Ñ V {V 3 is not
preserved by ψ. In other words, ψprq is not contained in the kernel.

Proof. If ψprqr´1 is contained in the kernel, then we would have

ψprqr´1 “ pxε1qprψpx1q, ψpy1qsx´p
1 rx1, y1s´1 “ 1 mod V 3.

Since the p-th power homomorphism V {V 2 Ñ V 2{V 3 is equivariant with respect
to the action of G, we obtain

ψprqr´1 “ pxε´1
1 qprψpx1q, ψpy1qsrx1, y1s´1 “ 1 mod V 3.

Observe that the right-hand side is contained in V 2{V 3, and that we have an
isomorphism

pV {V 2 ^ V {V 2q ‘ V {V 2 „
ÝÑ V 2{V 3 ; pa, b^ cq ÞÑ ap ` rb, cs

since the wild inertia V is a free pro-p group (of countably infinite rank). Hence
we must have xε´1

1 P V 2. However, it is absurd since x̄1 P V {V 2 generates a
free FprrGss-module (cf. the last paragraph of page 423 in [NSW08]).

Hence their construction cannot work.
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1More precisely, in [NSW08, p. 422], xε
1 is defined by fixing some “ordering”. However, it

suffices to take an arbitrary lift of εx1 in W {W 2 on which FprrGss acts in an usual way.
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