ON CERTAIN BASES OF FINITE FIELDS AND THEIR APPLICATION
TO RATIONAL POINTS ON DRINFELD MODULAR CURVES

SHUN ISHII

ABSTRACT. In this note, we prove a certain elementary result concerning a certain basis of
the cubic extension F,s /I, where p is an odd prime. This result, together with our previous
results, implies that the Drinfeld modular curve Yp(p) does not have an F,(7)-rational point
for every maximal ideal p of degree 3, whenever p # 3. This result partially generalizes a
result of Armana for rational points on Yi(p).

(This note is not intended for publication.)
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1. INTRODUCTION

Throughout the present paper, let p denote an odd prime. The main result of this paper is
simply stated as follows.

Theorem 1.1. Let 0 < x < p be an integer and g € Fys \ Fp. Then x is not equal to % if
and only if there exists c € ), such that {1, (g + ¢)*, (g + c)2x+p2} spans Fps.

Note that, if z = %, then we have
2 2
(9+0)* " = (g+ ) """ =Nrg r, (g +c) € F),

and hence {1, (g + ¢)2*t7} is linearly dependent. Theorem 1.1 asserts that this is only the
exception. Apparently, to prove Theorem 1.1, it suffices to show that the determinant

1L (g4  (g+0>
det {1 (P +¢)" (g + )2t
L (g7 407 (¢ + o)t
is nonzero for some ¢ € F,, which we will prove in the next section by direct computation.

The main result implies the following seemingly unrelated corollary:

Corollary 1.2. Let p be a mazimal ideal of F,[T| of degree 3, and suppose p # 3. Then the
Drinfeld modular curve Yo(p) has no F,(T')-rational points.

Remark 1.3. When p = 3, Yo(T3 — T — 1) and Yy(T® — T + 1) have F3(T)-rational (CM)
points, cf. Schweizer [Sch03, Remark 4.6]. According to op.cit., these are the only rational
CM points of Yy(p) when deg(p) > 2.
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We briefly explain how Theorem 1.1 can be used to derive the corollary: if a Drinfeld
F,[T]-module ¢ of rank two over F,(T) has a rational p-isogeny, then it is known that ¢ has
everywhere potentially good reduction. In our previous paper [[sh22], we studied the action of
the Frobenius at every maximal ideal of degree one on ¢[p] (possibly after a suitable finite field
extension), and found that the trace of the Frobenius satisfies a highly nontrivial congruence
modulo p, which implies that {1, (g + ¢)%, (g + ¢)2***} is linearly dependent for every ¢ € F,
for some x (the value x is associated with the rational p-isogeny). We will see in Section 3 that

Theorem 1.1 implies = = %, and one can show that there does not exist a rational p-isogeny

with z = % [Ish22, Theorem 4.6] (here we need p # 3). This concludes the proof of the
corollary.

Remark 1.4. Corollary 1.2 generalizes a result of Armana [Arm12, Théoreme 1.4] implying
that Y1 (p) does not have an [F,,(T')-rational point (for every p). Here, we note that the natural
map Yi(p) — Yo(p) is a Galois (IFy[T]/p)*-covering. However, we remark that, although
we only consider Drinfeld Fp[T]-modules for a prime p, Armana [Arm12| considers Drinfeld
F,[T]-modules for an arbitrary power ¢ of p. At the time of writing, we do not know how
to prove Theorem 1.1 for such ¢q. This would allow us to extend Corollary 1.2 to Drinfeld
F,[T]-modules.

When p is a maximal ideal of Fy[T] of degree 4 (here ¢ is an arbitrary power of p), the
author already proved that Yy (p) has no Fy(T")-rational points [Ish22, Corollary 5.3]. Schweizer
originally conjectured that Y;(p) has no F,(T")-rational points whenever deg(p) > 3 [Sch03,
Conjecture 1|. P&l proved the conjecture when ¢ = 2, and this is the only case in which the
conjecture is known to hold. P4l proves a stronger result, saying that Yp(p) has no Fo(7T)-
rational points whenever deg(p) > 3. At the time of writing, the author is optimistic in the
sense that he believes Yy(p) has no F,(7')-rational points whenever deg(p) > 3.

Acknowledgement. First and foremost, the author would like to express his sincere gratitude
to the organizers (Prof. Yoshiaki Okumura, Prof. Takashi Hara and Prof. Yoshinori Mishiba)
of B Gm™ ~— A 7 —12026 (Number Theory Summer School 2026), for giving him an
opportunity to talk about his earlier work on Drinfeld modules. Without this opportunity,
the author might not have revisited his paper |[Ish22|, which eventually led him to resolve a
conjecture formulated there.

Use of AI. ChatGPT-5.6 Pro (OpenAl) suggested an ingredient in the proof of Theorem 1.1,
and then the author found a full proof. More precisely, it suggested the content of Lemma
2.1. The author also used ChatGPT to improve the writing of the present paper. Needless to
say, the author takes full responsibility for the content of the manuscript.

2. PROOF OF THEOREM 1.1

First, the case p = 3 can be checked independently by direct computation. Hence, for the
remainder of this section, we may and do assume that p # 3.

2.1. First step. First, let us consider the polynomial
L (g+1)"  (9+T)*(¢" +1T)
Fi(T)=det (1 (¢"+T)" (" +T)**(9+7T)
L (g7 + 1) (g7 +T)* (" +1T)
which is of degree less than or equal to 3z + 1. It is clear that it suffices to show that Fy(c) # 0
for some ¢ € IF,,, or equivalently, that 7P — T' does not divide Fy(T').

Lemma 2.1. The following assertions hold.

(1) The degree of F1(T) is less than or equal to 3x — 1.
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(2) The coefficient of T3*~! is given by
x (Trleg /F, (9°) — Trg 5 /F, (9" H)) :

(3) The coefficient of T3~ vanishes if and only if x # p and there exists ¢ € F) such that
(9+c)® €Fp. (Here we use p # 3.)

Proof. Observe that Fy(T) can be written as

LoagT ok Q)T 2 e (2mg g7 )T 4 ()9 o 209 7T o
LoagP T4 ()¢ T2 e (2ug” + )T+ ((5) 9% + 20gP DT> 1 oo ]
L oag? T+ () g T2+, (2297 +¢7)T% + ((5) g™ +22¢” P)T> 1 4

from which the first assertion follows immediately. Moreover, the coefficient of T%*~1 is given
by

2

1 2zg  (2zg+g") 1 zg g°
det (1 wg?  (2wg’+g) | =det (1 g’ g | =a(Trem,(6) — Tre yym, (6"))
L oxg”™ (2zg" +g°) 1 zg” gP
concluding the proof of the second assertion. The last assertion is easy. O

In the rest of this subsection, we assume that
3xr—1<p.

We remark that this implies z < p.

Note that F1(T + ¢) coincides with “Fy(T") for g + ¢”. Hence, by Lemma 2.1, to show that
Fy(T) is not divisible by TP — T, we may and do assume that ¢g° € F,. In particular, it follows
that p = 1 mod 3 and that ¢ := ¢gP~! € F) is a primitive third root of unity. We have

1L (g+T1)* (9+1)*(%9+T)
F(T)=det |1 (Cg+T)* (Cg+T)**(g+T)
1 (Cg+T1)* (Pg+T)*(Cg+T)

Lemma 2.2. The following assertions hold.
(1) Fi(T) € TF,[T3].
(2) The coefficient of T3*~2 is given by

1
—zg>A (2932 + 3% + C2) where A := det #0.

2

_ = =
RANRTa N
N =

(3) The coefficient of T is given as follows:
—2C?g%A (x = 0 mod 3)
(1+2¢%2)¢** A (z=1mod 3)
—(1+¢%2)¢** A (z =2 mod 3)
Proof. The first assertion is easy. Regarding the second assertion, the coefficient of 7%%72 is
given by

1 zg (2Cx+ (¥))g? 1 B (2z+P)g
det [ 1 2Cg C(2(2¢x+ ;))92 +det |1 (‘r)CQQQ ¢(2z 4+ ¢?)g
12y (26 + (%))g? 1 (e Ru+ g

which is equal to
2z z—1 1
TRTAN <2§2$ + < 5 >> — 23 A(2x + CQ)T = §$93A(2x2 +3¢%2 4 ¢2).
3



Similarly, the coefficient of T is given by

1 g"  (1+2¢x)g> 1 g
det | 1 nga: (1 4 2c21,)§2xg2x + det 1 x(xflgmfl <-2:1:g2:£+1
1 Cngx (1 4 2C2$)C41g21 1 $CQ(w—l)gQ(:z:—l) C4x+192x+1

If x = 0 mod 3, it is equal to

z—1 C292x+1

1
CQ
¢

2C? 3" det = —z(2g"A.

==
Y
NEAS =

If x =1 mod 3, then we have

11
¢ ¢ =1+2C2)g%"A
¢ ¢

(1 +2¢2%x)g>® det

—_ = =
[\

Finally, if x = 2 mod 3, then
—(1+2C%2)g%" A + 2(*g* = —(1 + (Pa)g*" A
which concludes the proof. O

Lemma 2.2 (2) and (3) immediately imply that F7(T") # 0 (as a polynomial) if z = 0 mod 3.
If x =1mod 3 and F(T) = 0, then we have

202 +3C2+¢*=0 and 14 2%z =0,

and hence we obtain ¢? = 1, a contradiction.! Similarly, if 2 = 2 mod 3 and Fy(T) = 0, then
we obtain ¢? = ¢ which again gives a contradiction. Summarizing, we have

Corollary 2.3. Theorem 1.1 holds when 3x — 1 < p.

2.2. Second step. Secondly, we write x as = p+ 1 — y for some y € (1,p]. Then we have

(g+e)* = (g+V=(g+0) 7" +0),
(¢ +0)° = (& +9)' U +o),
2 2 _
(9" +o)" = (g+)(¢" +o)' "
Similarly, we have
(g+¢*™ 7 = (g+ W (g+ )P = (g+ ) (P + ¢) Nrg , i, (9 + ),
(6" + 27 = (¢ + PN (6P +0) = (67 + ) W (gP + ) Nrs e, (94 ),
2 2 2 _
(9" + > = (g+)(g" +¢)' " Nig yr, (g + ).

Then what we want to prove is equivalent to saying that the polynomial
(g+D)>" (g+T)(?+T) ¢°+T
Fy(T) =det | (" +T)2 (" +T)(¢" +T) g" +T |,
(" +T)2 (g+T)(¢” +T)Y g+T
which is of degree less than or equal to 3y+1, is not divisible by T? —T'. We have the following
lemma, whose proof is almost identical to that of Lemma 2.1 (and hence we omit it).

Lemma 2.4. The following assertions hold.

(1) The degree of Fo(T) is less than or equal to 3y — 1.
(2) The coefficient of T3Y=1 is given by

Y (Trles JF, (9°) — Trg 5 /F, (9" H)) :

More precisely, we have to treat the case x = 1 separately. However, what we obtain in this case is that
1+ 2¢2? = 0 which cannot happen.
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(3) The coefficient of T3~ vanishes if and only if y # p and there exists ¢ € ) such that
(g+c)® €Fp. (Here we use p # 3.)

In the rest of this subsection, we assume that
Jy—1<p,

which implies ¥ < p. By the last assertion of this lemma, we may assume that ¢3 € F, and
let us write ¢ = ¢gP~! which is a primitive third root of unity.

Lemma 2.5. The following assertions hold.

(1) F»(T) € TF,[T3].
(2) The coefficient of T3Y=2 is given by

1
— Y9 A2y* + 3%y + (%)
(3) The coefficient of T is given as follows:
yC2gPA (y = 0 mod 3)
—(142¢%)g¥A  (y =1mod 3)
—(1+¢*y)g®¥A  (y=2mod3)

Hence, as in the first step, we have

Corollary 2.6. Theorem 1.1 holds when x can be written as p+1—1y for some positive integer
y such that 3y — 1 < p.

2.3. Last step. Finally, let us write x = % + z for some integer z € (0, %) Then we have
2 2
(g+ 0> = (g+ ) (g+ )" = (g + ) Nrg_yjm, (9 + ),
2
(97 + > = (¢" + )" Ny s, (9 + ),
2 2 2
(g7 +)* 7 = (¢" + ) Nig _r, (9 + ).

Again what we want to show is equivalent to saying that the polynomial

g+T)%* (g+D)5+ 1
B(T)=det | (v +T)%* (¢+T)5+ 1],
(7" +T)% (7 +T)=+ 1

which is of degree less than or equal to 3z + %, is not divisible by TP — T'. We claim

Lemma 2.7. The degree of F3(T) is equal to 3z + 7%1 — 3, and the highest coefficient is equal

to
p+1 p+1 2 2
(5= +2) (5= =2 —9)(g” —9)¢” —g°) #0.
Proof. Observe that F5(T) can be written as
2:-1 | (22) 27222 p+l a1 (Bl 2pPilys2
2zgT + (5)g*T +--- P+ 2)gT > +(2% )9*T + 1
ngpTZ,zfl + (222)92pT2272 4+ (1%1 + Z)gPTLJQFI-&-Z—l + (%+Z)g2pT”Tﬂ+z—2 +. 1
pt

2:2gP %1 4 (222)92p2T2z—2 e (B 4z gp2T”T+1+z—1 i (?+Z)92p2TpTH+Z72 L1



. . . . . +1 .
from which the first assertion follows immediately. Moreover, the coefficient of T35 3 4y
given as follows:

2 2
g g 1 g g 1
1 1 1
Z(p+ —i—z)(]i—i—z—l)det ¢ g 1 +z(22—1)(2i+z)det g gP 1
2 2 gp?. 2 | 2 gzpz gpz 1
2
g g 1
1 1
:z(p+ +z)(p+ —2)det | g* g% 1
2 2 gp 92p2 1
p+1 p+1 2 2
=2(t5— +2) (55— = 2) (¢ —9)(g" —9)(g" — 7).
[l

By Lemma 2.7, Theorem 1.1 holds when = can be expressed as % + 2z, where z € (0, m)

2
satisfies
p+5

6

Corollary 2.8. Theorem 1.1 holds when x = % =+ 2z for some integer 0 < z < 7%5.

1
3z+%—3<p<:>z<

Summarizing, we established Theorem 1.1 for x such that
(1) 0<a < 2L
(2) z=p+1—y where 0 <y < p—'gl,and
(3) x:%izwhere0<z<7%5.
It is not hard to show that these three cover all integers x with 0 < < p. In fact, write
p = 6k + r for some r € {1,5}. Then the three cases can be written as

(1) 0 <o < Sl — o 4 THL e,

0<x<2k (r=1),
0<x<2k+1 (r=5)

(2) 2 =6k+1+4r—y where 0 <y <2k+ "t ie.

6k+2—2k=4k+2<z <6k+1 (r=1
6k +6— (2k+1) =4k +5<x <6k+5 (r=>5)

(3) ac:L;lﬂ:z:?)k—i—#:l:zwhere()<z<k+%,i.e.
3k+1-k=2k+1<2<3k+1+k=4k+1 (r=1
3k+3—(k+1)=2k+2<2<3k+3+(k+1)=4k+4 (r=35)

and hence we obtain Theorem 1.1 as desired.

3. CYCLIC TORSION SUBMODULES OF DRINFELD MODULES OF DEGREE 3

In this last section, we briefly describe how the main result implies Corollary 1.2. This
was originally observed in our previous work [Ish22, Conjecture 5.1], and here we recall the
argument just for completeness. According to op.cit., we are reduced to showing the following

Proposition 3.1 ([Ish22, Conjecture 5.1]). Let p be a mazimal ideal of Fp[T] of degree 3, and

x be an integer satisfying 0 < x < p+ 1. Then x is equal to % if and only if there exists a
triple (a,b,c) € Fp x F)f X Fp, such that

(T + 0)2"’3“’2 +a(T +¢)* + b= 0mod p.
6



Proof. Tt is clear that Theorem 1.1 gives an affirmative answer to this conjecture if 0 < z <
p + 1. Hence we only have to consider the two corner cases.

If z = 0, then it suffices to show that {1, (T + ¢)?" = TP" + ¢} is linearly independent.
Otherwise, it would follow that

T=T1" = (sz)p mod p
is contained in F,, which is absurd. Finally, if x = p + 1, then note that
(T + &)+ = (T + )" Ny, g (T + c).

Hence it suffices to show that {(T + c)P*!,1} is linearly independent. Otherwise, we would
have

(T + )P0 = (T + P *PHU(T + €)™ = Nug, g, (T + o) (T + ) "' € F),
which implies 7" mod p € F,, a contradiction. This concludes the proof. O

We note that [[sh22, Conjecture 5.1] is stated for an arbitrary power ¢ of p (not only for p),
which would allow us to extend Corollary 1.2 to Drinfeld F,[T]-modules. The author believes
that it is possible to give a proof of the conjecture for general ¢, but it may involve elementary
but messy calculations.
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